Abstract-In recent years, complementary sequence sets have found many important applications in multi-carrier code-division multiple-access (MC-CDMA) systems for their good correlation properties. In this paper, we propose a construction, which can generate multiple sets of (N, N, N )-complete complementary codes (CCCs) over ZN , where N (N ≥ 3) is a positive integer of the form N = pq (p is the least prime factor of N and q is an odd integer). Interestingly, the maximum inter-set aperiodic crosscorrelation magnitude of the proposed CCCs is bounded by N . When N is odd, the combination of the proposed CCCs results to a new set of sequences to obtain asymptotically optimal aperiodic quasi-complementary sequence sets (QCSSs) with parameters (N (p − 1) 2 , N, N, N ), having much greater set size than the set size of the asymptotically optimal and near-optimal QCSSs reported till date, with more flexible parameters.
I. INTRODUCTION

P
ERFECT complementary sequence set (PCSS) refers to a set of two-dimensional matrices with non-trivial autocorrelations and cross-correlations sum to zero for any non-zero time-shift. Such sequence sets have wide applications due to their ideal correlation properties, such as reducing the peakto-average power ratio (PAPR) [1] , channel estimation [2] , [3] , RADAR waveform design [4] , etc. However, PCSSs can support only a limited number of users in multi-carrier code division multiple access (MC-CDMA) systems since the set size (i.e. the number of users) must not be larger than the flock size (i.e. the number of channels) [5] .
In search of sequence sets which can support a large number of users in MC-CDMA systems, Liu et al. [16] initially proposed low correlation zone complementary sequence set (LCZ-CSS). Further Liu et al. [7] generalised the concept and proposed quasi complementary sequence sets (QCSSs) in 2013, which also includes Z-complementary sequence sets (ZCSSs) [8] - [14] . A (K, M, N, δ max )-QCSS is a set of K M × N sequence sets, where M denotes the flock size, and N denotes the sequence length. δ max is the maximum periodic or aperiodic correlation tolerance, depending on what we are considering. When δ max = 0 and K ≤ M , QCSS becomes 
PCSS. A PCSS is called a complete complementary code (CCC)
, when K = M [7] . In 1974, Welch [15] derived a lower bound for the correlation of sequences. Later in 2011, Liu et al. [16] , [17] tightened the lower bound for aperiodic QCSSs when the set size K ≥ 3M . Liu et al. [18] further tightened the lower bound for the cases of aperiodic QCSSs, when
for sufficiently large N . In [19] , Liu et al. stated the construction of aperiodic QCSSs, achieving the bounds proposed in [17] , as a open problem. Since then a lot of research have been going on, both for periodic and aperiodic cases, for the construction of QCSSs with various parameters and correlation properties. However, most of the works, including [19] , are related to periodic QCSS. Constructions of asymptotically optimal and nearoptimal periodic QCSS based on difference sets and almost difference sets were reported in [20] and [21] , respectively. In [22] and [23] , Li et al. gave a construction of periodic QCSSs based on characters over finite fields. To the best of the authors knowledge, very few works are available in the literature on the constructions of optimal (asymptotically) aperiodic QCSSs. Working on this problem, recently in 2019 Li et al. [24] proposed asymptotically optimal aperiodic QCSSs based on low-correlation CSSs. In another work of Li et al. [25] , the authors proposed near-optimal QCSS based on multiple sets of CCCs.
The works on the construction of aperiodic QCSS reported in [24] and [25] are all based on prime or power of prime integers. The parameters of the QCSS are given in details in Table I . In search of aperiodic QCSS with more generalised parameters, we propose a new set of permutations on Z N , where N = pq (p is the least prime factor of N and q is an odd integer). Based on this new set of permutations, we generate multiple sets of (N, N, N )-CCCs. Combining the proposed CCCs, we construct (N (p − 1) 2 , N, N, N )-QCSS. Since, our proposed QCSS satisfies the condition K ≥ 3M, M ≥ 2 and N ≥ 2, we consider the correlation bound proposed by Liu et al. [17] to check the optimality condition. Interestingly, all the proposed CCCs have an inter-set cross correlation upper bounded by N . Hence, all the proposed QCSSs are asymptotically optimal, having the optimality factor ρ ≈ 1 for p ≥ 5. The proposed QCSS is near-optimal when p = 3, with very low value of optimality factor ρ (≈ 1.53). Also, our construction is more generalised as compared to [24] , since N > 2 can be a prime number also. Till date, there is no systematic construction of asymptotically optimal aperiodic QCSSs over Z N , when N is not a prime or a power of prime integer.
The rest of this paper is organized as follows. In Section II, we introduce some correlation bounds of QCSS. In Section III, we propose a new set of permutations, a new construction of multiple sets of CCCs based on the new set of permutations, also prove that all the sequence sets are cyclically distinct. In Section IV, we obtain asymptotically optimal aperiodic QCSS by combining these CCCs into a new set. In section V, we make a comparison our work with the existing works in the literature. We conclude our work in Section VI.
II. BOUNDS OF QCSS
In this section we recall some correlation bounds of QCSS. Before that let us define some notations and definitions, which will be used throughout the paper. N (N ≥ 3) be a positive integer such that N = pq, where p is the least prime factor of N and q is an odd integer. Z N denotes the ring of integers modulo N . ω N = e 
where x * denotes the complex conjugation of a complexvalued sequence x, and the addition t+τ is performed modulo N .
Definition 2:
where the m-th row C 
where K is the set size, M is the size of each sequence set, N is the length of constituent sequences, and δ max is the maximum aperiodic cross-correlation magnitude. The set C can be denoted by (K, M, N, δ max )-QCSS. Specially, we call C a complete complementary code (CCC) if K = M and δ max = 0.
The following lemma gives a lower bound of δ max . Lemma 1: [15] For an aperiodic quasi-complementary sequence set (K, M, N, δ max )-QCSS, the parameters satisfy:
For K ≥ 3M , M ≥ 2 and N ≥ 2, Liu et al. [17] proposed a tighter correlation bound for aperiodic QCSS, which is given in the following lemma.
Lemma 2: [17] For an aperiodic quasi-complementary sequence set (K, M, N, δ max )-QCSS with K ≥ 3M , M ≥ 2 and N ≥ 2, we have
In this paper, a QCSS is optimal if δ max achieves the lower bound in (5) . Define the optimality factor ρ as follows
Note that ρ ≥ 1. A QCSS is optimal when ρ = 1 and nearoptimal if 1 < ρ ≤ 2.
III. MULTIPLE CCCS WITH LOW MAXIMUM INTER-SET APERIODIC CROSS-CORRELATION MAGNITUDE
In this section, first we derive a set of conditions for a set of permutations over Z N . Then we propose a construction of multiple CCCs with low maximum inter-set aperiodic crosscorrelation magnitude, based on that permutations. Construction 1: Let N = pq as defined. Also, let Π = {π a |1 ≤ a < p} be a set of permutations of Z N , such that the equation
(7) For each pair of (a, k), define a sequence set
where
. . .
Let t = t 1 + t 2 · q where 0 ≤ t 1 < q and 0 ≤ t 2 < p and τ = τ 1 + τ 2 · q where 0 ≤ τ 1 < q and 0 ≤ τ 2 < p. Define
This notations will be used in the rest of the paper.
In the following lemma, we will check if the sequences in the sequence set C (a,k) , defined in (8) are cyclically distinct or not.
Lemma 3: For 0 ≤ s < N , all sequences in C (a,k,m) are cyclically distinct.
Proof: There are two parts to prove. Let us prove the first part.
Assume that for 0 ≤ s < N , all sequences in C (a,k,m) are not cyclically distinct. Then from (7), we have for s 1 = s 2 and 0 ≤ τ < N ks 1 ·π a (t)+mt ≡ ks 2 ·π a (t+τ )+m(t+τ ) (mod N ). (10) Since π a (t) is a permutation on Z N , so π a (t) = π a (t + τ ). Hence, the above equation is impossible, and the proof follows.
Remark 1: For two different sequence sets C (a1,k1,m) and C (a2,k2,m) the sequences are not always cyclically distinct. Therefore, to make the sequences cyclically distinct, we need to modify (7) . Let A be the set of all possible permutations of a and k. Also, let B be the set of all possible combinations of a and k, excluding the cases when a = k,
Theorem 1: Let C (a,k) , 1 ≤ a, k < p, be the multiple sequence sets generated by Construction 1 using the modified function f
Lemma 5 presents a class of permutations which satisfy the condition of Π in construction 1. But we need the following lemma to prove Lemma 5.
Lemma 4: [26] Let ξ(x) = x e , where e is a positive integer with gcd(r − 1, e) = 1. Then ξ is a permutation on Z r , where r is any odd prime, such that the equation ξ(x + a) ≡ cξ(x) (mod r) has only one solution in Z r for any a ∈ Z r and any c ∈ Z r \ {0, 1}.
Lemma 5: Let us define a set of functions on Z N as
where g is a permutation over Z q and h is a permutation over Z p given by g(x) = x and h(x) = x. Then, Π is a set of permutations such that π a1 (t + τ ) ≡ cπ a2 (t) (mod N ) has only one solution for any given τ ∈ Z N and 1
It obvious that π a1 (t+τ )−cπ a2 (t) = 0 if and only if h(a 1 (t 2 + τ 2 +δ t1,τ1 ))−ch(a 2 t 2 ) = 0 and g(a 1 (t 1 +τ 1 ))−cg(a 2 t 1 ) = 0. t 1 +τ 1 ) )−cg(a 2 t 1 ) = 0 has only one solution for τ 1 ∈ Z q according to Lemma 4. Similarly, h(a 1 (t 2 + τ 2 + δ t2,τ2 )) − h(a 2 t 2 ) = 0 has only one solution for τ 2 ∈ Z p . Therefore, π a1 (t + τ ) ≡ π a2 (t) (mod N ) has only one solution for any given τ ∈ Z N and
From Theorem 1 and Lemma 5 we have the following corollary.
Corollary 1: Let Π be a family of permutations of Z N defined by
where g is a permutation over Z q and h is a permutation over Z p . Then, the multiple sequence sets C (a,k) , 1 ≤ a, k < p, generated by Construction 1 using the modified function f 
p and 1 ≤ m 1 , m 2 ≤ N. Example 1: Let N = 11 with p = 11 and q = 1. Let h(t) = t and g(t) = t be a permutation over Z 3 . Then Π = {π a |π a (t) = 3at 2 + at 1 , 1 ≤ a ≤ 2}. By Construction 1, we get hundred (11, 11, 11)-CCCs, 2) , . . . , C (10, 9) , C (10, 10) . The first three complementary sets of first two CCCs are shown in Table II. In the following section, we propose a construction of asymptotically optimal aperiodic QCSSs.
IV. PROPOSED CONSTRUCTION OF ASYMPTOTICALLY OPTIMAL QCSSS
In this section, from multiple CCCs with low maximum aperiodic cross-correlation magnitude, we will obtain an aperiodic near-optimal QCSS by combining these complementary sequence sets together, as shown in the following theorem.
Theorem 2:
, then the sequence set C is an asymptotically optimal aperiodic (N (p − 1) 2 , N, N, N )-QCSS. 0 2 4 6 8 10 1 3 5 7 9 0 4 8 1 5 9 2 6 10 3 7 0 6 1 7 2 8 3 9 4 10 5 0 8 5 2 10 7 4 1 9 6 3 0 10 9 8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 10 0 3 6 9 1 4 7 10 2 5 8 0 5 10 4 9 3 8 2 7 1 6 0 7 3 10 6 2 9 5 1 8 4 0 9 7 5 3 1 10 8 6 4 2 0 1 2 3 4 5 6 7 8 9 10 0 3 6 9 1 4 7 10 2 5 8 0 5 10 4 9 3 8 2 7 1 6 0 7 3 10 6 2 9 5 1 8 4 0 9 7 5 3 1 10 8 6 4 2 0 0 0 0 0 0 0 0 0 0 0 0 2 4 6 8 10 1 3 5 7 9 0 4 8 1 5 9 2 6 10 3 7 0 6 1 7 2 8 3 9 4 10 5 0 8 5 2 10 7 4 1 9 6 3 0 10 9 8 7 6 5 4 3 2 1 0 2 4 6 8 10 1 3 5 7 9 0 4 8 1 5 9 2 6 10 3 7 0 6 1 7 2 8 3 9 4 10 5 0 8 5 2 10 7 4 1 9 6 3 0 10 9 8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 10 0 3 6 9 1 4 7 10 2 5 8 0 5 10 4 9 3 8 2 7 1 6 0 7 3 10 6 2 9 5 1 8 4 0 9 7 5 3 1 10 8 6 4 
The optimality factor of (
Obviously, ρ ≈ 1 for p ≥ 5. Then C is an asymptotically optimal aperiodic QCSS. Hence, this theorem follows. Example 2: The hundred (11, 11, 11)-CCCs generated in Example 1, has a inter-set aperiodic cross-correlation magnitude, upper-bounded by 11. Therefore, C (i,j) forms an asymptotically optimal (1100, 11, 11, 11)-QCSS, with optimality factor ρ = 1.0633. Based on Theorem 2, a list of parameters of asymptotically oprimal aperiodic QCSSs are given in Table III. In the following section, we compare our proposed constructions with the previous works.
V. COMPARISON WITH PREVIOUS WORKS
We compare the optimality factor for the asymptotically optimal QCSS with the results reported in [24] . We have taken the minimum of all the optimality factors we can get from the previous works reported in [24] , for each alphabet size, whenever it is possible, and denoted it by ρ min for the comparison. Our construction is different from [cite] in following ways 1) The constructions of asymptotically optimal QCSSs reported in [24] are based on the construction of low correlation CSS, whereas our construction is based on multiple sets of CCCs. 2) Our proposed construction can generate asymptotically optimal QCSS with parameters which are not covered by the results proposed in [24] . For example, the asymptotically optimal QCSS, given in Table III , can only be constructed by our construction. 3) Although for the case when N is a prime number, previous constructions have reported asymptotically optimal aperiodic QCSS, compared to the previous constructions, our proposed construction can generate QCSS with larger set size and lower optimality factor. In Table IV we have listed down the parameters of the asymptotically optimal QCSS, where the alphabet size 11 ≤ p < 100 is odd prime, as example, to show that our proposed QCSS, have a lower optimality factor compared to the previously reported results. 4) To have an unbiased comparison, we have also compared the cases when N is a power of prime. Our proposed results can generate QCSS having almost same optimality factor to that of the QCSS generated by the previous result reported in [24] . In Table V we have listed down some cases, as example.
VI. CONCLUSION
In this paper, we have proposed a new set of permutations on Z N , where N = pq, p is the least prime factor of N and q is an odd integer. Using this permutation we first proposed a construction of (p − 1) 2 sets of (N, N, N )-CCCs. Then combined these (p − 1) 2 sets of (N, N, N )-CCCs to construct aperiodic (N (p − 1) 2 , N, N, N )-QCSS. All the proposed QCSS are asymptotically optimal for p ≥ 5, since the optimality factor ρ ≈ 1. The proposed asymptotically optimal QCSSs have paprameters which have not been reported before. Also for the alphabets over which asymptotically optimal QCSS have been reported in previous works, our construction generates QCSS having much larger set size, more flexible parameters and lower optimality factor as compared to the previous works. An interesting future work will be to design QCSSs with flexible parameters having optimality factor equal to one.
APPENDIX A PROOF OF THEOREM 1
Let us prove the first part. Let
We have the following four cases to consider. Case 1: When m 1 = m 2 , τ = 0. We have
Case 2:
Since π a (t) is a permutation on Z N and τ = 0, π a (t) = π a (t + τ ), therefore the last identity holds.
Case 3: When m 1 = m 2 , τ = 0.
The four cases above illustrate that each sequence set C is a (N, N, N ) -CCC. Similarly we can prove it when (a, k) ∈ A \ D.
We now prove the second part. Let us consider
Then the aperiodic correlation of C (a1,k1,m1) and C (a2,k2,m2) is
Recall from our assumption in Construction 1, k 1 π a1 (t) + k 2 π a2 (t + τ ) = 0 (mod N ) for any 0 ≤ τ ≤ N − 1, k 1 = k 2 has only one solution. Therefore, for 0 ≤ t ≤ N − 1 and k 1 π a1 (t ) + k 2 π a2 (t + τ ) = 0 (mod N ). Let us consider C (a1,k1,m1) ∈ C (a1,k1) and C (a2,k2,m2) ∈ C (a2,k2) , when (a 1 , k 1 ), (a 2 , k 2 ) ∈ A \ D. Then the aperiodic correlation of C (a1,k1,m1) and C (a2,k2,m2) is Recall from our assumption in Construction 1, k 1 π a1 (t) − k 2 π a2 (t + τ ) = 0 (mod N ) for any 0 ≤ τ ≤ N − 1, k 1 = k 2 has only one solution. Therefore, for 0 ≤ t ≤ N − 1 and k 1 π a1 (t ) − k 2 π a2 (t + τ ) = 0 (mod N ). Similarly, we can prove the theorem for other cases. Hence, the theorem follows.
